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(In  the  latter  fct.'O  formulas  a,o,c  and  d  can  be  alike  or  different 
In  any  combination.) 

It  la  Important  to  compare  the  number  of  distinct 
momenta  which  are  to  be  taicen  into  account  In  the  Independent 
and  non-independent  caaeo.  This  is  done  In  Table  9»  which  shows 
clearly  why  the  non-independent  case  becomes  rather  unmanageable 
bo  easily.  (In  the  general  case,  for  k  •  20,  say,  we  have,  in 
the  independent  and  general  cases,  respectively,  40  or  175C 
moment  constants  through  third  momenta,  and  60  or  10605  through 
fourth  moments ,)  As  long  as  dependence  only  exists  within  groups 
of  a  pmall  number  of  paramet  ers,  the  number  of  moment-constants 
needed  will  not  grow  nearly  as  fast  as  the  valjee  in  Table  2, 
and  4he  Correction  terms  will  be  usable  for  larger  k. 

the  formulae  through  terms  In  are  given  in  'fable  1C 
(For  terms  in  <J4,  eet>  section  47.) 


Table  9 


und  kind 


Numbers  of  moments  of  each  order 
which  must  be  considered  for  k  vapitbli 


Variables 


Order 


(J.  lc(k+l)) 


(total  to  this  point) 


Third 


£  k(k-l) (k-2) 
(£  k(lc-t-l) (k+5)) 


(total  to  this  point) 


?ourth 


aaab°a.  °b 


aabb°a  °b 


k(k-l)  (k~£)  (k-3) 
k.(k+l)(lc2t91c+26> 


(total  to  this  point) 


:_4C£,.r 


Propt,gatlon  formulas  through  for  z  *  ^(K-pWg> < • < >«k) 
where  the  are  not  naceaeafily  Independent 

ave  z  =»  h(w1?  w-, . . .  ,5^) 

»  5  “‘a.0.2  *  sXbfW.S 
+  E  “WWa3  +  5  ^'Waab'^A 
*  ^WabAVa 

v  ii 

+  terms  of  order  _  a 

var  z  *  ai2oa2  +  *:2;#hahbPaboaob  (claaalea]) 

+  ^Vaa^aa’*3  *  ZVbbW.'b8 

+  a*\W«mb“*eS  +  2^*hahbc^abo0a0b0c 
•>  4 

+  termo  of  order  '  o 

jks  a  -  *  3s’V>V>abeaSA 

+  ^'VWW’aVb 

\  4 

+  termQ  of  order  _  o 
\  4 

elo  z  *  termB  of  order  _  a 

f£*  sientflas  summation  over  diatinct,  distinguishable  tanaa 
on  the  first  of  this  series  for  data'll*)* 


5 


wish  to  deal  simultaneously 


1 


hfrnjWg,  -»wk> 


where  the  w's  ere  etatlntlcally  Independent.  To  the  formulas 
for  propagation  Into  the  oumulanta  of  z  and.  y  alone,  we  may 
wish  to  add  formulae  for  propagation  Into  their  cooumulante . 

•me  resulting  formulas  are  given  In  Table  11  through  terns  in 
(Wots  the  use  of  ra  and  ra  rather  than  and  r^.  to 

that  we  are  aseunl.  g  statistical  Independent!,. )  me 
manner  of  fe- - Ion  of  these  terms  from  those  of  the  'correspond¬ 

ing  cumueanu  formulae  1»  Suite  slmole.  Wo-  example. 


would  naturally  he  replaced  hy 

rA\t  *  raSKah  +  Kafh1,ab  e»V«t 

+  rtarbeab  +  *'aKbrab' 

but  when  appearing  as  the  coefficient  of  something  symmetric 
in  a  and,  b,  the  latter  can  be  replaced  by 

+  fahbg*b  4  gahbfab 


Table  11 

Formulas  for  propagation  Into  eocumulants  of 
z  -  h(w1,w?rj  .,,wk)  and  y  -  *(«2  .*2»'  -  •  -%) 
and  x  *  'ron  statistically 


Independent  w’a 


cov 


5ahabb  +  S  haBubb  +  fcabgab 


S  haab*b  +  5  gaabV°a  °b 


terms  of  order 


etc.  In  their  subscripts  to  be  recognlaed 


in  view  of  the  identity  (for  urEyn.ee trie  Aat) 

£*(Aab  +  ‘be*  “aub  »  A.b’V'b 

The  basic  process  Is  tp  replace  the  various  h-factoro  in  the 

propagatlon-lnto-oumulant  formula  by  different  g-  and  h-factors 
(or  f-,  6-  and  h-faotore).  in  all  possible  ways,  sum  and  adjust 
tM  coefficient .  "he  oorrac.tnesB  of  the  result  is  easily 
checked,  since 

d)  every  term  ant  have  a  factor  of  each  appropriate 
kind 

(11)  there  must  be  symmetry  under  the  interchange  of 
arguments  In  the  cocumulant 

(ill)  when  all  arguments  are  made  the  same,  the  result 
must  reduce  to  the  corresponding  oumulant  result. 
Extensions  to  Table  11  can  thus  be  obtained  easily  when 
desired. 


(Any  identification  deBired  among  a,b,c  or  d  mfc\  be  made 
freely . ) 


•°V  («a,wb) 

°s°b 


+  pabpcd  '  pacpbd  padpbc 


48.  na+nnafl  formulas  for  the  atatlatleally  .t  o  r  - 1  n  ae K-PBLiS — 
We  now  record  for  passible  use  the  formulas  through 
terms  of  order  a“  for  nve  z.  var  x,  ske  z  and  elo  z.  These  are 
baBed  on  the  formulas  for  the  covariances  and  eo.tone.se.  Of 
(not  necessarily  Independent.)  centered  monocline  which  are  given 
In  Tables  12  and  13-  The  derivation  follows  exactly  the  lints 
of  Part  tfw 

The  formulas  for  the  propagation  into  cumulanta 


laaao  aaab  a  °b 


,,JVaad,,‘  aaaa  a 

£  2  haabbraabb' 


Table  of  coefficients  by  which  oa1+m  °b^+n  mutt  be  multi 
plied  to  obtain  the  covariance  of  w^1  ui-tfr  wara  wfen 
when  w-  and  wfc  need  not  be  statistically  independent,  bu 
both  have  average  zero. 

w  w.  w„2  waw.  w. 


Iaaab"pab 


aahb' 


rabbb" pab 


bbbb' 


aabb' 


bbbb 


abbt 


cov 


With  appropriate  subscripts  var  w 


+  2hahbb7abbffa°b 


22  hahbc7abc°a°bffc 


abb' 


+  s*haaWraaab"?ab^a  ^  +  Z\^1 

+  S  hab2^raabb"pab2)°a2(Jb  +2S  habhac*rs 


+  22T  h^Kfl(j  ^abcd'pabpcd^  **aab°cad 

f  5  a’ahaaaraaaa‘'a4  ^  3  2  V'bbbrabbs'V°b' 


lahbcd  rabcdaa  bed 


+  terms  of  order 


4  <r«aa«-1>°a  +  5  W'utt-"'!  “s 

+  3I\V,aa<r«aab-‘wV°b  +  S£\hbhOb<rab1!o-pab> 

♦  3l">i.ah.fc(r..„„-p,»)«.3i>i,  +  3s"ha2hbo(raabb‘,1bo,°a 


+  62  )°a  °b 


'ar‘b  ao ' 1  aatoo  ‘ 


+  terms  of  order 


anas" 


-  UI*taVc traabc-Pbc-2pabPdC  )CTa  abffc 
*  21 {z\\h,hc  !rabc4-?at,P0i-Pa0P6d-Padl,l.c)oa<’baooa 


terms  of  order  >  fir' 


and  notation 


49 .  Suppl emen tary. 

The -only  major  change  over  earlier  j 

amplification-  and  extension,  of  the  notation  rc 

{  standardize)  moments.  We  now  use  7aaa  as 

.  -  \3/„  3  arid  T  as  well  as  r  Tor 

ave  (wa'Wa)  /°a  '  a  1 aaaa  a 

We  extend  the  fuller  notation  to 


and  their  specializations 


